MAXIMAL SUBGROUPS OF SYMMETRIC GROUPS(")

BY
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Introduction. Let M be any nonempty set and S(M) the group of all per-
mutations of M . If X is any cardinal number, then X+ shall denote the successor
of X. The smallest infinite cardinal number shall be denoted by the symbol d.
The cardinality of M shall be denoted by | M |. The support of se S(M) is de-
fined by spts = {xeM:s(x) # x}. The fixed set of s=fs s={xe M:s(x) = x}
=M - spts.If'Ml =X2d,d=< YZ X+,define S(X,Y) ={se S(M): | spts |< Y}.
The alternating subgroup shall be denoted A(X). It is well known that the normal
subgroups of X(S, Y) are A(X) and the set of subgroups S(X,Z) withd=Z <Y
[1]. The set of all groups S(X,Y),d < Y< X, together with A(X) is called the
set of symmetric groups on the set M . Since S(X, Y) = S(X’, Y')and A(X) = A(X")
if and only if X = X’ and Y=Y’ [1], the notation is unambiguous up to iso-
morphism and depends only on the cardinalities of the sets. If IM | =n<d,
the standard notation of S, for S(M) and A, for the alternating subgroup will
be used.

This paper determines the structure of certain classes of maximal subgroups
of symmetric groups. Maximal shall always mean proper maximal. It happens
that classification of maximal subgroups is convenient in terms of concepts of
transitivity. A subset H of S(M) is transitive if for each x and ye M, there is
se H such that s(x) = y. Otherwise H is intransitive. If H is a subgroup, the
relation R on M defined by xRy if and only if there is se H such that s(x) =y
is an equivalence relation. The equivalence classes are called the sets of transi-
tivity of H. Let n < d; H is n-set transitive if for each M, = M with IM 1 | =n
and for each s € S(M), there is r € H such that *(M,) = s(M,) . H is n-ply transitive
if for each se S(M), there is re H such that r|M, = s| M, .

The principal results of this paper are as follows: Partition M into P and Q
with |Q| =< |P| It will be shown that all intransitive maximal subgroups of
S(X,Y) or of A(X) are of the form S(Q)‘S(P)nS(X,Y) or S(Q): S(P)n A(X)
respectively with | Q| finite. Similarly all intransitive maximal subgroups of S,
are of the form S(Q)-S(P) with |Q| < |P| All transitive maximal subgroups of
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S(X,Y) for Y> d will be shown to contain S(X, d). Thus the class of intransitive
maximal subgroups of S(X, Y) with Y> d is also the class of maximal subgroups
of S(X,Y) containing no subgroups normal in S(X,Y).

If |M| and |Q| are both infinite, then S(Q)-S(P) N S(X,Y) is not maximal
in S(X,Y), but can be used to construct a transitive maximal subgroup. The
class of such transitive maximal subgroups is probably not the class of all trans-
itive maximal subgroups of S(X,Y), although this question is still open.

It will be shown that the transitive maximal subgroups of S(X,d) and A(X)
not containing A(X) are S(X,d) NN(K) and A(X) N N(K) respectively where
K =T]xcaS(M,) with {M,}, .4 a partition of M such that |M,,| = ,M,,lVa,ﬂeA
and where N(K) is the normalizer of K. Thus all maximal subgroups of S(X, d)
and A(X) are determined. Similarly it will be shown that all imprimitive maximal
subgroups of S, are N(K) with K as above. Hence imprimitive maximal sub-
groups of S, are completely determined up to isomorphism by the proper di-
visors of n.

I. INTRANSITIVE MAXIMAL SUBGROUPS

Let the set M, |M [ =X =d, be partitioned into Q and P such that
|P|=X,|Q|=2,0<Z<X,d<YSX*. The following notations will be
used:

0, = {xeQ: s(x)eP}.

! = {xeQ: s(x)eQ} = 0 —Q,.

P, = {yeP: s(5)e0}.

P, = {yeP: s(y)eP} = P—P,.

S(Q,Y) = S(Q) NS(X,Y).

S(P,Y) = S(P)NSX,Y).

S(2,4) = S(Q) NAX).

S(P,A) = S(P) N A(X).

J(Z) = S(Q)- S(P).

JV,Z2) = JZ)nSX,Y) = S(Q,Y) - S(P,Y).

J(4,Z2) = J(Z) n AX).

If {Q,P} and {Q',P'} are two partitions of M such that |Q|=]|Q’|, then
S(Q) - S(P) = S(Q’)- S(P’) in a natural way. Thus J(Z) is completely determined
up to isomorphism by Z, and the notation is reasonable. The class of all sub-
groups of S(X,X™) constructed in the above manner will be called the class of
J-subgroups.

The following theorem lists some facts about J(Y, Z)-subgroups for which the
proofs are obvious, hence omitted. The notation H < G means that H is a sub-
group of G, and H < G means H is a proper subgroup of G.

1.1. THEOREM. Each of the following statements is true:
(1) J(Y,2)<S(X,Y), J(4,2) < A(X).
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Q) If Z>1, then fs J(Y,Z)= Fand fs JA,Z)= &.

() IfZ<d, then |Q,| = |P| £ Z for each se S(X,X").

(4) For each seS(X,d) or A(X), IQSI = lPsl <d.

(5) IfZ=d, Y>d, then for each se S(X,Y), |Q,| £Z and |P;| £ Z, but
| Q,| is not necessarily equal to |P,|.

6) If Z<d, then seS(X,Y)—J(Y,Z) or A(X)— J(A,Z) if and only if
seS(X,Y), respectively A(X), and Q; # .

(7) The permutation se S(X,d) — J(d,Z) or A(X)—J(A,Z) if and only if
se S(X,d), respectively A(X), and Q,# & .

®) If Z<d, Y>d, then seS(X,Y)—J(Y,Z) if and only if seS(X,Y)
and Q,# & or P, # &.

1.2. DErINITION. For each seS(X,X*), define the transfer index of
s=T(s) = max{IQsl,lPs|}.

It is clear that se S(X, Y) — J(Y,Z) or A(X) — J(A4,Z) if and only if se S(X,Y)
respectively A(X), and T(s)#0. )

A set of lemmas which are useful in the investigation of the classes of J(Y,Z)-
subgroups will now be stated and proved. Some of the lemmas are stated in a
more general form than actually needed here. For S = S(M) the notation {S)
means the subgroup of S(M) generated by S.

13. LeMMA. Let Z<X or Y< X', seS(X,Y)—J(Y,Z). Then there is
re {J(Y,Z),s) such that:

) lPo(r)| = X where Py(r)=fsrNP.

@ 0 =0,

(3 P,=P,.

@ r@)nP, = .

Proof. If X > d, consider the unique decomposition of s into disjoint cycles.
Since | Q,| £ Wand | P;| < W, where W< Z and W<, then|s(Q,)UP,| <2W <X.
Thus there are at most 2W cycles whose intersection with s(Q,)U P, is nonvoid.
Let C, denote the cycle in s in which the letter y occurs, and let P; = {ye P: C,
N(sQ)UP)=F}. Clearly Pyc P and |P1 [ = X. Define s;€ S(P, Y) by
s;(») =y if yeP— P, and s,(y) =s~ () if ye P,. Then s, =s,s€ {J(Y,Z),s)
and satisfies conditions (1), (2), (3). '

If X=d,thenZ <dor Y=d, so |Qs| = |Ps| =n < d by Theorem 1.1. De-
note Q, = {x;}{-; and P, = {y;}i-,. Define s, € S(P, Y) by s,(y) = y; if y = 5(x;)
for some i=1,---,n, and s,(y) =s" () if y ¢s(Q,). Then s, = s;se{J(Y,Z),s)
and satisfies conditions (1), (2), (3). Let P, = P — P;.

Let s, and P, be defined as above for the pertinent case and denote Q; = {X,}, c 4-
Choose {y,},c4 S Py, and define s3€ S(P,Y) by s3 =[], ca(s52(x,),y,). Then
r=s35,€ {J(Y,Z),s) and satisfies conditions (2), (3), (4). Also r satisfies con-
dition (1) since | Py | =X, Po(r) = P; — {}.}s c4> and | 4| < X.
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14. LEMMA. Let Z<X or Y<X¥, seS(X,Y)—-J(Y,2), {x}i-1 € Q,
{y}i-icP,1=n<d,n=<Z. Then [[i=,(x, y) e (Y, Z),s).

Proof. 1t may be assumed that |Q,| = 1 since (J(Y,Z),s) =<J(Y,Z),s™*).
It may also be assumed that s has the properties implied by Lemma 1.3. Let
x € Q;and y € Py(s). Define s, =(s(x), y) € S(P, Y). Then s~ !s;s =(x, y) e (J(V,Z),5D.
Now (x,x,)eS(Q,Y) and (y,y;)€S(P,Y). Thus

(xl’yl) = (ysyl)(x’xl)(x’y)(xsxl)(yayl)e <J(Y,Z),S> .
The lemma is now obvious.

1.5. LeMMA. Let s,reS(X,Y)— J(Y,Z) such that Q,=Q,, P,=P,. Then
reJ(Y,Z),s).

Proof. Now s '(Q)=r"'(Q) and s '(P)=r"'(P), hence rs™'(Q) = Q
and rs"'(P)=P, so rs ' eJ(Y,Z). Then r=rs"'seJ(Y,Z),s).

1.6. LemMA. LetZ<XorY<X* seS(X,Y)— J(Y,Z) with|Q,| =Wz d.
Let 0S V= W. Then there is re{J(Y,Z),s) such that |Q,|= W, IP,|= V.

Proof. It may be assumed that s has the properties implied by Lemma 1.3.
Denote Q, = {x,}, .4 and partition A4 into 4,, 4,, Ay with |A1| = |A2| =W
and |A4;|=V.Choose {y,},c4, = Po(s) and let s; =[], .4,(5(x,), v) € S(P, Y).
Now partition Po(s) — {V}s ea, into Py, P,, P; with |Pl | = |P2| =W and
|P3 | = X . Now choose s, € S(P, Y) such that s,(P, UP,)=P,, s,({s(X)}s e 4,) =P},
$2({(x)}a e4,) = {5(X)}a casua,s S2 fixes P—(P; UP, U{s(x)}s ca,04,)- That
such an s, exists is a consequence of the cardinalities of the various involved sets.
Then r = S_ISZSIS e, 2),s>, Q, = {xa}a cdruass P = {ya}a €ds - Thus
|Q,|=W+ V=W and |P,|=V.

1.7. LEMMA. LetZ < XorY< X*,5eS8(X,Y) — J(Y,2), |Q,| =W, 0 V= W.
Then there is re{J(Y,Z),s) such that T(r)=V.

Proof. It may be assumed that s has the properties implied by Lemma 1.3.
Denote Q, = {x,},c4 and partition A4 into A;,A, with |4,|=V. Choose
{Vaeeca, = Po(s), and let s; =[], ca,(5(x),y)€S(P,Y). Then r=s"1s;s
eJ(Y,2),5>,0, = {xa}a c4,> and P, = {.Va}a ea,- Hence |Qr| = |Pr| =V, so
T(r)=V.

1.8. LeMMA. Let Z<X or Y<X*, 5reS(X,Y)—J(Y,2), |0, =]|0.|,
|Ps| = |P,|. Then re{J(Y,Z),s).

Proof. Now |Q,| <min{Y,Z}, |P,|<min{Y,Z}, |P—P,|=X =|P-P,|.

Case 1. |Q - Qsl = IQ - Q,|. In particular the situations where |Qs| <Z
or Z < d are included. If |Q — Qs| <Y, choose s, € S(Q,Y) such that 5,(Q,) = Q,
and 5,(Q—Q)=Q—Q,. If |@—0Q,| 2 Y=4d, choose s,€5(Q,Y) such that
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5:(0)=0,. If |Q—Q]=2Y>d, then |Q-(Q,UQ)|=Y. Partition
Q0-(Q,VQ,) into Q;,0,,0; such that IQII = IQs_ er, d= |Q2| <Y,
|02 2|0,]2]Q4]. Choose 5, € S(Q, Y) such that 5,(Q,) = 0, 5,(Q, — 2) = 1,
50, V0,)=0,U(Q,— Q,), s, fixes Q;. If Y=d, choose s,eS(P,Y) such
that s,(P,) = P,. If Y>d, partition P — (P, UP,) into P,, P,, P; such that
|P,|=|P,—P,|, d<|P,| <Y, |P;|Z|P,| Z|P,|. Choose s,eS(P,Y) such
that s,(P,) = Py, s,(P,— P,)=P,, s,(P, YP,)=P, U(P,—P,), s, fixes P;. For
s, and s, chosen for the appropriate situation as above, s; = ss,5, € (J(Y,Z),s),
Q,,=0Q,, P, =P,. By Lemma 1.5, re{J(Y,Z),s;) = {J(Y,2Z),s).

Case 2. IQ—QS| # |Q—Q,|, IPsl <Z. This occurs only if Z=d. Now
|Qs-1| =|Ps| =|P,|=|Q-1| <Z, so |@—Q,-1|=|@—Q,-:|. Thus Case 1
may be applied to show r™' e(J(Y,2),s™ !> = (J(Y,Z),s), so redJ(Y,Z),s>.

Case 3. |Q—0Q,|#|Q—@.|,|P;|=Z. Note that Y>Z>d and |Q,|=2
= |Q, | It may be assumed that s has the properties implied by Lemma 1.3. De-
note Q, = {x,}, .4 and partition 4 into A4,,A4, with |All = |A2| = Z. Choose
{Valaea,= Po(s) and define s,e€S(P,Y) by s;=[]qea,(5(xs),¥s). Then
S2 = S—ISISE<J(Y,Z),S>, Qs, = {xa}a €dy> {xa}a ea, S Q- Qs,> and Ps2={ya}a edye
Thus |Q,,| = |Ps,| =|Q — Q.,| = Z. (Actually s, = [[, ca,(Xesp0)) If
|Q—Q,| =Z, set ry=s,. If |Q—Q,| = W< Z, partition Q—Q,, into 0,0,
such that |Q,|=2Z, |Q,|=W. Denote Q, = {x.}, c4,. Define s;€5(Q,Y) by
53= [Teeas(¥sx).  Choose  {llacu, S Po(s) = (Vadeeu,» and  define
S4 = Ha eV ) €S(P,Y).  Then s5= 15,5535, €J(Y,2),5,) =<J(Y,2),s),
st = Qsz UQl ’ Q - Qs; = QZ’Pss= {ya}a €4 U {y;}a €Ay Hence lesl =Z =IPS5I
and |Q—Q,,| = W.Putr, =ss;.

Let r, be as defined for the pertinent situation, then |Q,l| = IQ, | , IP,l | = |P,| ,
and|Q—Q,1| = IQ—Q,I. Case 1 may now be applied to yield reJ(Y,Z),r,>
(Y, 2),s).

1.9. LemMA. LetZ<XorY<X* seS(X,Y) - J(Y,Z), with |Q,| =W 2 d.
Let 0 < VX W. Then there is re {J(Y,Z),s) such that:

(1) |Po(n| = X.

2 r@)nP.=g.

G |e|=w.
6)) IQO(r)l =Z where Qo(r)=fs rn Q.
6 |p|=V.

© rP)NQ =dJ.

Proof. Suppose W< Z. Then Z > d. By Lemma 1.6, there is s,e{J(Y, Z), s)
with |Q, | =W, |P,,|=V. Furthermore it may be assumed that s, has the
properties implied by Lemma 1.3. Thus s; satisfies (1), (2), (3), (5). Now
|Qs, Usi(Ps,)| < Z, so consider the cyclic decomposition of s,. Let C, denote
the cycle in s, in which x occurs and let Q; = {x€Q:C, N (Q,, Us,(P,)) =T }.
Since there are less than Z cycles which intersect Q,, Usy(P,,), |Qy|=Z. De-
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fine s,€S(Q,Y) by sy(x) =x if xeQ — Q, and s,(x) =s, '(x) if xeQ;. Then
ry=s351€J(Y,2),5) S <JI(Y,2),5), Qi=fs r,NQ, 0,=0Q, P, =P,
r(@r,) = 51(Qs,)s Po(ry) = Po(sy). Thus r, satisfies (1), (2), (3), (4) and (5).

Suppose W= Z. It may be assumed that s has the properties implied by Lemma
1.3. Denote Q, = {x,}, « 4 and partition A4 into A,, 4, such that | 4,| = o = |4, ]|.
Choose {y}x c4, = Po(s), and define s, € S(P, Y) by s; = [ [ c4,(5(Xs), ¥o) . Then
82=S_1s1s=nasA2(xaaya)e<J(Y,Z)’SI>Q<J(Y92),S>: Qsz={xa}aeAz’ Js
$500=0—0s,2{Xs}aears Psy={Vataca, /5 s NP =P—P, . Thus s, satisfies
(1), (3), (4). Note that |P;,| =Z. Choose {y.},ca, ©P — {Vulucua, and define
$3=laea;(Vwya). Then s4=s35,€<J(Y,2),5,)> = <J(Y,2),5>, Qs =0,
P, =P,,,00(54) = Qo(s;). Thus s, satisfies (1), (2), (3), 4. If V=2Z,
then s, also satisfies (5), so put r, =s,. If V < Z, apply to s, the
construction used in the proof of Lemma 1.6 to yield ssedJ(Y,Z),s,>
S, 2),5),| Py, | = V,|Qs,| =Z, Qo(ss) = Qo(s,). Thus s; satisfies (3), (4), (5).
Now apply to ss the appropriate construction from the proof of Lemma 1.3 to
yield sq e (J(Y,Z),ss) < {J(Y,Z),s) satisfying (1), (2), (5). Since this construc-
tion composes ss only with permutations in S(P, Y), properties (3) and (4) are
preserved. Put r; =s¢. Then r; satisfies (1), (2), (3), (4), and (5).

Let r, e{J(Y,Z),s), satisfying (1) through (5), be defined as above for the
appropriate situation. Partition Qq(r,) into Q,,Q, such that |Q,|=Z=|0Q,|.
Denote P,, = {ys}s 5, choose {xz};.5< Qy, and define s, =[] 5(ri(¥p), Xp)
€S(Q,Y). Then r=s,reJ(Y,2),r,)=<KY(,2),s), Q=0Q,, P =P,
r(P) S Q1,02 < Qo(r), Q) =ri1(Q,,), Po(r) = Py(ry). Thus r satisfies all con-
ditions.

1.10. LeMMA. Let Z< X or Y<X*, seS(X,Y) - J(Y,2), |Q,|=W=2d,
0=m=n<d. Then thereisre{J(Y,Z),s) such that IQ,]= n and |P,| =m.

Proof. If n =0, choose reJ(Y,Z). If n > 0, it may be assumed that s has all
properties implied by Lemma 1.9, in particular that | P,| = m. Denote Qs = {X,}, c 4
and P, = {y;}i~,. Choose {x;}I*; = Qo(s) and define s, =[ I~ ,(s(), x;) € S(Q,Y).
Partition A into A,, A, such that |A1 | =W, |A2| = n — m. Partition Py(s) into
P,,P,,P;such that |P,|=n—m,|P,|=d, |P;| = X. Define s, € S(P, Y) such
that s,({s(x0)}a c4,) = {8(x)}a ca> S2({5(¥)}a c4,) = Py, 52(P; U Py) = Py, 5, fixes
P;. Then r=s""s;5;5€<J(Y,2),5), Q= {x;}/21 Y {X}acu,» P,=P,. Thus
EAEPST

1.11. LemMA. Let Z<X or Y<X', seS(X,Y)—-J(Y,Z), T(s)=W,
d=W<=Z. Let reS(X,Y)—J(Y,Z), T(r)< W. Then rel{J(Y,2),s).

Proof. It may be assumed that |Q,| 2| P,| and |Q,| 2| P,|, since otherwise
one may consider inverses of s or r.

Case 1. |Q,|=W, |P,|=V<W. By Lemma 1.6, there is s, e<J(Y,Z),s)
suchthat|Q,,| = W,| P,,| = V. Then by Lemma 1.8, r € (J(Y, Z), 5, > = <J(Y, Z),sD.
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Case 2. T(r)=V,d=<V<W. By Lemma 1.7, there is s, € {(J(Y,Z),s) such
that T(s;) = V. Then by case 1, re{J(Y,Z),s,) = <J(Y,Z),s).

Case 3. T(r)=n<d. In this case |Q,|=n, |P,|=m, n2m. By Lemma
1.10, there is s, €(J(Y,Z),s) such that |Q,,|=n, |P,,|=m. By Lemma 18,
re{J(Y,2),s,) S <J(Y,2),s).

1.12. THEOREM. Let Z<d. Then for each Y, d= Y= X*,J(Y,Z) is a
maximal subgroup of S(X,Y).

Proof. Let seS(X,Y)— J(Y,Z), reS(X,Y). Then T(r)=m, 0=Sm=Z.
If m=0, then reJ(Y,Z) < (J(Y,Z),s). If m #0, denote Q, = {x;}]=, and
P,={y}ix,. By Lemma 14, s, =[] (x»y)eJ(Y,Z),s). By Lemma 1.5,
re {J(Y,2),s,) =<J(Y,Z),s). Thus S(X,Y)={J(Y,Z),s). The reverse inclu-
sion is obvious.

1.13. THEOREM. If J(d,Z) is a maximal subgroup of S(X,d), then J(A,Z)
is a maximal subgroup of A(X).

Proof. Let s,r eA(X)—J(A4,Z). Now re{J(d,Z),s),sor=]]i=,s;, n<d, where
s;eJ(d,Z) or s;=s™ for someintegerm, i=1,---,n. Let Py =P —(U,Llspt 5;)
|Po| = X . Choose a transposition te€ S(P,d) — A(X) such that sptt = P,. Then
r=([]i-1s)t* where s/=s; if s;€eA(X) and s/=s;¢ if s5,¢A(X). Now
[Tr=15i€<J(A4,Z),s), so [[i=1sie ACX) and ¢ = ([[r=;s") " 're A(X) NS(P, d)
< J(A,Z). Hence re{J(A,Z),s).

1.14. THEOREM. Let d < Z < X. Then J(d,Z) is maximal in S(X,d) and
J(A,Z) is maximal in A(X).

Proof. Lets,reS(X,d)— J(d,Z). By Theorem 1.1, |Q,| = |P,| =n<d. De-
note Qr = {xi}?=1 and Pr = {yi}ln=1' By Lemma 14’ §; = H:'= l(xi’ y,-)e(J(d,Z),s).
By Lemma 1.5, re{J(d,Z),s,) = {J(d,Z),s) . Thus J(d, Z) is maximal in S(X,d),
and by Theorem 1.13, J(A4,Z) is maximal in A(X).

1.15. LeMMA. For each s,re S(X,X™), T(rs) £ T(s) + T(r).

Proof. Q,,=[Q,Ns '(PY]V[Q;Ns~'(Q)]. Hence |Q,|=|Q]+]|0]<
T(s) + T(r). Similarly |P,| < T(s) + T(r). Thus T(rs) < T(s) + T(r).

1.16. THEOREM. If Z=d, Y>d, then J(Y,Z) is not maximal in S(X,Y).

Proof. LetseS(X,Y)— J(Y,Z) with T(s) < d. By Lemma 1.15, r e {J(Y, Z),s)
implies that T(r) < d. Thus {J(Y,Z),s) contains no permutations with infinite
transfer index. Since S(X,Y) contains permutations with infinite transfer index,
J(Y,2),s) # S(X,Y).

For each Y, d < Y< X7, let C,(Y) be the class of all J(Y,Z) subgroups with
1=Z<d. Let Ci(d) and C,(A4) be the class of J(d,Z) subgroups, respectively
J(A4,Z) subgroups, with 1 <Z < X. By Theorems 1.12 and 1.14, if He C,(Y)
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or C,(4), then H is maximal in S(X,Y), respectively A(X). Now He C,(Y)
implies that H is intransitive and contains no subgroup normal in S(X,Y);
H e C,(A) implies H is intransitive.

1.17. THEOREM. Let G be S(X,Y) or A(X) and let H be an intransitive maxi-
mal subgroup of G. Then He C,(Y) or C,(4), respectively.

Proof. Since H is intransitive, the sets of transitivity of H form a nontrivial
partition of M. Choose Q and P,|Q| =< IP], partitioning M such that every
set of transitivity of H is a subset of Q or a subset of P. Denote |Q| =Z, and
let J(Z)=S(Q)-S(P). If G=S(X,Y), Y>d, then H=<J(Y,Z) < S(X,Y), so
H =J(Y,Z). By Theorem 1.16 and Theorem 1.12, 1<Z <d and He C,(Y).
If G=S(X,d), then H £J(d,Z)< S(X,d), so H=J(d,Z). By Theorem 1.12
and Theorem 1.14, HeC,(d). If G = A(X), then H <J(4,Z) < A(X), so
H = J(A,Z). By Theorem 1.13 and Theorem 1.14, He C,(4).

Theorem 1.17 shows that the preceding constructions yield all possible intrans-
itive maximal subgroups of the infinite symmetric groups. Theorem 3.12 will
show that C(Y) is the class of all maximal subgroups of S(X, Y) containing no
subgroups normal in S(X,Y) if Y>d.

For the finite symmetric groups, let | M| = n < d. Partition M into sets P and
Q such that |P|2|Q]. Let p=|P|, g =|Q|, J(g) = S(Q)- S(P).

1.18. THEOREM. H is an intransitive maximal subgroup of S, if and only if
H=J(q), q<p.

Proof. Suppose H = J(q), g < p. Let seS, — J(g) and let (x, y) be
any transposition not in J(g). It may be assumed that x € Q@ and y e P.
Let x,€Q,, y,eP—P,. Then (x;, y,)=s"(s(x,), s(y1))se€J(q), s). Thus
% 9) = 1y (x, %) (%1, ) (X, %) (»,y1) €<J(q),s). Since an arbitrary trans-
position is in {J(q),s), {J(q),s) = S,. Thus H is maximal and intransitive.

Suppose H is an intransitive maximal subgroup of S,. Then H < J(q) for
some ¢q, so H=J(q) by maximality. If g =p, let se S, — H be chosen such
that s(Q) = P. Then (H,s) # S,. Hence g < p.

Thus all possible intransitive subgroups of S, are also determined.

II. TRANSITIVE MAXIMAL SUBGROUPS

2.1. DerINITION. If dSZSYS XY, Z<X, define L(Y,Z)= {seS(X,Y):
T(s)<Z}.1fd <Y< Z < X and Y has a predecessor Y-, define

L(Y,Z)={seS(X,Y):T(s)< Y™ }.

It will be noted that no attempt is made to define L(Y,Z) in the case where
d<Y=Z =X where Y has no direct predecessor. This will be clarified later
by Theorem 3.17.

The following theorem is one of the principal results of this paper; however
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the proofs are straightforward applications of Lemmas 1.11 and 1.15 and will
be omitted.

2.2. THEOREM. The following statements are true:

1) L(Y,Z)<S(X,Y).

Q) If dSWZSZ,W<Y, then S(X,W)<c L(Y,Z).

In particular S(X,d) < L(Y,Z).

(B) If W>Zor WY, then S(X,W) <& L(Y,Z).

@ Ifd<Z<Y,then L(Y,Z)=J(Y,Z) S(X,Z).

(5) Ifd*<Y<Z<X, then L(Y,Z)=J(Y,Z)- S(X,Y").

6) Ifd=Z<Y, then J(Y,Z) - S(X,d) < L(Y,Z).

(7 Ifd*=Y<Z<X, then J(Y,Z) - S(X,d) < L(Y,Z).

@®) If Z=W™* <Y, then L(Y,Z) = (J(Y,Z),s) for any se L(Y,Z) such that
TE)=W.If Y =W <Z<X, then L(Y,Z) =J(Y,Z),s) for any seL(Y,Z)
such that T(s) =

9) L(Y,Z) is maximal in S(X,Y).

It is also possible to generate maximal subgroups over partitions of M in the
case where Z=X, Y=X"

2.3. DerINITION. For each seS(X,X*), define the remainder index of
s=R(s) = max{| Qs'| , |P;|} .

The next lemma is clear, so the proof is omitted.

2.4. LEMMA. The following equations are true for every s,re S(X,X*):
M) Qs=[2:Nns I (PNIVICNsT(Q)].
(@ P, = [P.nsTH@)IVIP.NsT(P].
G 0= [2.nsT(PYIVeNnsTHQN].
@) P, = [P,nsTH Q)] V[P,NsTI(P)].

In the following lemma statement (1) is a direct restatement of Lemma 1.15.
The proofs of statements (2) through (8) follow from Lemma 2.4 in the manner
of the proof for Lemma 1.15.

2.5. LeMMA. The following inequalities are true for every s,re S(X,X"*):
(1) T(rs) £ T(s) + T(r).
(2) T(rs) £ R(s) + R(r).
(3) T(@rs) £ T(s) + R(s).
@ T(@rs) £ T@) + R(r).
(5) R(rs) £ T(s)+ R().
(6) R(rs) < T(s)+ R(s).
(D R(rs) £ T(r) + R(s).
() R(rs) £ T(r) + R(r).

The following lemma is an immediate consequence of Lemma 2.5.
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2.6. LEMMA. Let s,re S(X,X ™). If min{T(s),R(s)} <W and min{T(r),R(r)}< W,
then T(rs) <2W or R(rs) <2W.

2.7. DERINITION. If Z =X, define L(X*,X)={seS(X,X*):T(s)<X or
R(s) < X}.

2.8. LemMA. Let Z=X,s,reS(X,X*)— L(X*,X) such that |Q,|=|P,|
=|0;|=|P;|=X. Then re<L(X", X),s).

Proof. Since se S(X,X*)— L(X*,X), T(s) = X = R(s), so s must satisfy one
of the cases listed in the following table:

Case |2, A | P | 7|
1 X X X <X
1 X <X X X
2 X X <X X
2 <X X X X
3 X X X X

By the obvious symmetry induced by Z =X, case 1’ is essentially the same as
case 1, and case 2’ is essentially the same as case 2. Therefore it suffices to con-
sider cases 1, 2, and 3.

If case 1 holds, partition Q, into Q,, Q, and Q; into Q3,Q,, all of cardinality X .
Choose s; €S(Q) such that s,(s(Q))=Q, VQ; and s,(s(Py))=Q,VUQ,. Put
s, = ss;s. If case 2 holds, partition s(P;) into P,, P, and s(Q,) into P;,P,, all of
cardinality X. Choose s;e€S(P) such that s(s(Q))=P; UP; and
s,(s(Pl)) =P, UP,. Put s, =s"'s;s. If case 3 holds, put s, = s.

In whichever case applies, s, e {I(X*,X),syand |Q,,| =|P,,| =| Q| = |P., |
=X. Choose s3;eS(Q) and s,eS(P) such that s3(Q,) = 0Q;,,s:(Q;)=0;,,
s4(P,) =P, ,54(P})=P,,. Then s5=s,5,556<L(X", X),5,)<S <LX",X),s),
Q,,=0Q,, P,,=P,. By Lemma 1.5, re (J(X*,X),s,> s <L(X",X),s).

29. LeMMA. Let Z=X,s,reS(X,X*) — L(X*,X), then re{L(X*,X),s).

Proof. By Lemma 2.8, choose s, e<(L(X*,X),s> such that |Qs,| = |Psll
= | Q. ll = IP;l | = X . Now r must fit one of the cases displayed in the table listed
in the proof of Lemma 2.8. Again by the obvious symmetry, it suffices to con-
sider cases 1, 2, and 3.
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If case 1 holds, denote |P,’ | =Y< X. Partition Q,, into Q,,Q, with
IQll =X= |Q2|. Choose s,e€S(Q) such that s,(s,(Q;,)) =Q; UQ,, and
52(5,(Ps,)) = Q, . Partition s,(P;) into Py,P, and s,(Q;,)into P, P, such that
|P,|=Yand |P,| = |P;| = |P,|=X. Partition P;, into P5, Ps and P, into
P,, Pg such that |Ps|=Y and |Ps|=|P,|=|Ps|=X.Choose s;€S(P)
such that s3(P,) = Ps, s3(P,)=P;, s3(P3) = Pg, s3(Py) = Pg. Put s, =
5153558, e<XL(X ™, X),5,> S (L(X™, X),s).

If case 2 holds, denote |P,| = Y< X. Partition s,(P,,) into Q,,Q, and s5,(Q;,)
into Q3,Q, such that [Qll = Yand |Q2| = Q3| = ]Q4| = X . Partition Q;, into
05,06 and Q,, into Q;,Q such that |Qs|=Y and |Q¢|=]|Q;|=|Qs|=X.
Choose s, € S(Q) such that s,(Q;) = Qs, 5,(Q2) = @7, 52(Q3) = Qs » 52(Qs) = Qs-
Partition P;, into P,,P, such that |P,|= X =|P,|. Choose s; € S(P) such that
53(51(Qs,)) = P, UP; and ss(sy(Py,)) =P,. Put s, =s5,535,5, €{LAX*,X), 5,
S(L(X*,X),s).

If case 3 holds, put s, =s,. Then in any case, |Q34| = |Q,l, |Qs'4| = [Q,’I ,
|P,.|=|P.|.|P.|=|P/|. Choose s;€S(Q) and sseS(P) such that s5(Q,)
=05, 55(Q)=0s,,S6(P,) = Py, ,5¢(P,) = P,,.  Then 57 = 15,5655 € <L(X*,X),54)
S(X*,X),sy, Q,=0Q,, P,=P,. By Lemma 15, redJ(X*,X),s;>
S (L(X*,X),s).

2.10. THEOREM. Let Z = X. Then the following statements are true:
1) SX,X)<L(X", X).

2 LX*,X)<SX,X").

(3) If seS(X,X")— L(X*,X), then (L(X",X),s) =S(X,X").

(4) L is a maximal subgroup of S(X,X%).

Proof. If seS(X,X), then T(s) < X, so se L(X*,X). There is re L(X *, X)
such that T(r) = X, so r¢ S(X,X). Thus (1) holds.

By Lemma 2.6, if s,re L(X*, X), then rse L(X*, X). For every se S(X,X"),
T(s) = T(s"') and R(s) = R(s™!). Thus L(X*,X) is a subgroup of S(X,X™").
Furthermore there is s S(X,X™") such that T(s) = X = R(s). Hence (2) holds.

Statement (3) holds by Lemma 2.9, and statement (4) is a consequence of (2) and (3).

In summary, when Z = X, defining L(X*,X) = {se S(X,X"): T(s) < X or
R(s) < X} yields a transitive maximal subgroup of S(X,X"). The usual defin-
ition of {se S(X,X™): T(s) < X} does not yield a maximal subgroup since it is
a proper subgroup of L(X*,X). For each Y, d<Y< X", let C,(Y) denote
the class of all possible L(Y,Z) subgroups. If He C,(Y) then H is a transitive
maximal subgroup of S(X,Y) and S(X,d)< H.

IT1. PROPERTIES OF TRANSITIVE MAXIMAL SUBGROUPS

An obvious conjecture to follow the construction of transitive maximal sub-
groups of S(X,Y), d < Y< X+, is whether or not C,(Y) is the class of all such
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subgroups of S(X, Y). Thisis still an open question. Failing to answer this question,
a logical conjecture is whether or not all transitive maximal subgroups of S(X,Y)
contain S(X,d). Other conjectures are whether A(X) contains any transitive
maximal subgroups and whether S(X,d) contains any transitive maximal sub-
groups other than A(X). These questions will be answered in this chapter.

3.1. DEFINITION. Let M be a set, | M| arbitrary, H < S(M). A relation F in
M x M is an H-relation if whenever (x,y)e F and he H, then (h(x),h(y))eF.
If an H-relation is an equivalence relation, it is called an H-equivalence.

It is immediate that an H-equivalence induces a partitioning of M into equi-
valence classes called sets of primitivity of H.

The following material through Theorem 3.6 is taken from lecture notes by
Wielandt [2], so proofs are omitted.

3.2. THEOREM. The equivalence classes of an H-equivalence have equal
cardinality.

3.3. DEFINITION. A transitive permutation group H on a set M is called pri-
mitive if each H-equivalence on M is trivial, that is if each H-equivalence is either
M x M or A, where (x,y)eA if and only if x = y. Otherwise His called imprim-
itive.

3.4. THEOREM. If H is n-ply transitive for some finite n = 2, then H is prim-
itive.

3.5. THEOREM. If H is n-set transitive for some finite n=2 and
|M| >n+1, then H is primitive.

3.6. THEOREM. If |M| >d, H primitive on M, and HN S(X,d) # {e},
then A(X)< H.

37. LEMMA. Let d< Y=< X, H a maximal subgroup of S(X,Y). Then
HNS(X,d) # {e}.

Proof. Suppose H N S(X,d) = {e}.Then H - A(X) = S(X, Y),soif se S(X,d),
then s = hr with he H and re A(X). Hence h=sr"'eS(X,d), so h=e and
r =s. Thus se A(X) and S(X,d) = A(X), which is not true.

3.8. THEOREM. Let d<Y=<X", H a transitive maximal subgroup of
G =S(X,Y) or A(X). Then the following statements are equivalent:

(1) H is n-ply transitive for some n = 2.

(2) H is n-set transitive for some n = 2.

(3) H is primitive.

4 AX)c H.

(5) H is n-ply transitive for all n, 0 <n<d.

Proof. Clearly (1) implies (2), (4) implies (5), and (5) implies (1). By Theorem
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3.5, (2) implies (3). If G =S(X,d) or A(X), then HN S(X,d) # {e}; and if
G =S(X,Y), Y>d, then by Lemma 3.7, H N S(X,d) # {e}. Then by Theorem
3.6, (3) implies (4).

As a consequence of Theorem 3.8, it is immediately clear that A(X) has no
maximal subgroups which are primitive, and that the only primitive maximal
subgroup of S(X,d) is A(X).

3.9. DErINITION. Let M be partitioned into {M,}, .. For each se S(X,X™*)
let A,={xeA:s(M,)# M, for all Be A}, A/=A— A,. Define I(s)=|A,|
= mixing index of s.

3.10. LemmA. For every s,reS(X,X*), I(rs) £ I(s) + I(r).

Proof. Now s induces a one-to-one function § from A, into A, defined by
§()=p if s(M,)=M,. Then A,,c A, V[A;N{aecA: r(s(Mp)# M, for all
BeA}]=A,V[AN{ae A:r(My,) # M, for all ped}]=A,U[4;N5""(4,
N5(A4))]. Thus |A,| < | 4| +|4,].

3.11. LemMA. Let K = [], c4S(M,) and N(K) = normalizer of K in S(X,X™).
Define M,4(s) = {meM,: s(m)e Mg}. Then se N(K) if and only if both of the
following conditions hold for each a,feA.

(1) Maﬂ(s) = Jor Maﬂ(s) = M,.

(2) s(Myp(s)) = & or s(Myy(s)) = Mp.

In view of Lemma 3.11, se N(K) if and only if I(s) = 0.

3.12. THEOREM. Let d < Y=< X*, H a transitive maximal subgroup of
S(X,Y). Then A(X)<H.

Proof. Suppose not. Then by Theorem 3.8, H is imprimitive, so there is a
nontrivial H-equivalence F in M x M inducing a partition {M,}, ., on M con-
sisting of the equivalence classes of F. By Theorem 3.2, |M,| = | M,| for every
a,fec A, and by the nontriviality of F, IAI >1. and IMa] >1. Let
K(Y)=[]]eecaSM)]NS(X,Y) and N(K,Y) = N(K)N S(X,Y) = N(K(Y)) in
S(X,Y). By Lemma 3.11, H < N(K,Y) < S(X,Y). Thus by the maximality of
H,H=N(K,Y).

Suppose |A| >d. Select a countable subfamily {M;};-, of {M,},.,. Let
x;€ My, s =(x1,%;), r = [[721(X24-1%2,). Since l M,-| =2,s5,reS(X,Y)—N(K,Y).
Now I(s) =2, I(r) =d. Thus by Lemma 3.10, r¢ (N(K, Y),s).

Suppose 4 = {1,2,--,n}, n <d, then |M,-| =X2d,15i<n. Lets=(x,y)
where xeM,, and yeM,. Now seS(X,Y)— N(K,Y) and has the property
that for each ie A, s(M;) " M; is infinite for exactly one je A. Observe that
every permutation in N(K,Y) also has this property. Suppose s,,s, € S(X,Y)
satisfy this property. Let ieA, then there is unique jeA such that
|s 4)n Aj| = d, and there is unique k € 4 such that |s2(Aj) N Akl =d. Then k
is the unique element of A such that |szsl(A,.) N Ak| = d. Thus s,s, satisfies the
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same property, and in particular every permutation in (N(K,Y),s) must satisfy
this property. Now let M, be partitioned into Q, and Q,, M, be partitioned into
P, and P, such that |Pl I =d= |Ql| and |P2| =X= IQZI' Choose re S(X,Y)
such that r(Q,) = P,, r(P,) = Q,, r leaves P, and Q, fixed. Then r fails to have
the above property, so r¢ (N(K, Y),s).

In either case, H = N(K, Y) is not maximal in S(X,Y), which is contrary to
the hypothesis. Hence A(X) < H.

3.13. THEOREM. H is a transitive maximal subgroup of S(X,d) not con-
taining A(X), or of A(X) if and only if there is a partition {M,}, .4 of M such
that 1 <|M,|=|M,| <d for each a,fe A, and H= N(K,d) = N(K) N S(X, d)
or H= N(K, A) = N(K) " A(X), respectively.

Proof. Let H be a transitive maximal subgroup of S(X,d), A(X)¢ H. By
Theorem 3.8, H is imprimitive; and by Theorem 3.2 and the definition of im-
primitivity, 1 < |M¢| = | Mﬁl for each «,fe A where {M,}, ., are the sets of
primitivity of H. By Lemma 3.11 and the maximality of H, H = N(K,d).If
|M,| =d, then N(K,d)= K which is intransitive, contrary to the transitivity
of H. Hence |Ma| <d and |A| = X . It now suffices to show that N(K,d) is
maximal. Let se S(X,d) — N(K,d), (x,y)e S(X,d). There are o, §, ye A, a # f3,
x,€M,, y, €M, such that s(x,), s(y,)eM,. Let s; =(s(x,),s(y,)) e N(K,d).
Then (x;,y,) =5 's;se(N(K,d),s)y. Now xe M;,ye M,, for some §, e A. If
0=2, then (x,y)e K « N(K,d) c(N(K,d),s). If 6# A, there is s, e N(K,d)
such that s,(x) = x; and s,(y) = y,. Then (x,y) = s; '(x;,y,)s, € (N(K,d),s).
Thus every transposition is in {(N(K,D),s) so S(X,d) ={N(K,d),s). Hence
H = N(K,d) is maximal in S(X,d).

The proof for H a transitive maximal subgroup of A(X) is the same as the
proof of Theorem 1.13.

3.14. THEOREM. Let d <Y< X*, H a maximal subgroup of S(X,Y). If
A(X)< H, then S(X,d)c H.

Proof. Suppose not. Then S(X,Y)=H-S(X,d). Thus

S(X,Y) H-S(X,d _ H SX,d
TAX) T AX) T AX) A

so [S(X,Y)/A(X):H/A(X)]=2. Hence H/A(X) is normal in S(X,Y)/A(X).
Denote the natural homomorphism of S(X,Y) onto S(X,Y)/A(X) by f. Then
H = f ~'(H|A(X)) is normal and maximal, which is a contradiction.

3.15. COROLLARY. Let d <Y< X ,H a transitive maximal subgroup of
S(X,Y). Then S(X,d)c H.

3.16. LemMA. If G is a subgroup of S(X,X%), then G contains a largest
subgroup normal in S(X,X%).
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No attempt was made in Definition 2.1 to treat the case where d < YSZ <X
for Y a cardinal number with no direct predecessor. The following theorem shows
that in this case, a maximal subgroup cannot be constructed over the appropriate
two-celled partition.

3.17. THEOREM. If d<Y=Z <X X, and Y has no predecessor, then there is
no transitive maximal subgroup of S(X,Y) containing J(Y,Z).

Proof. Suppose H is a transitive maximal subgroup of S(X,Y) containing
J(Y,Z). By Corollary 3.15 and Lemma 3.16, there is d < W < Y such that S(X, W)
is the largest normal subgroup of S(X,X™) contained in H. By Lemma 1.11,
H={seS(X,Y): T(s)<W}.Now W< Y,s0 H<{seS(X,Y):T(s) < W*}<S(X,Y),
contrary to the maximality of H. Thus no such H exists.

It should be noted that Theorem 3.13 defines the structure of imprimitive
maximal subgroups of S(X,d) and A(X). That the imprimitive maximal sub-
groups of S, are similarly structured is shown by the following theorem.

3.18. THEOREM. H is an imprimitive maximal subgroup of S, if and only if
H = N(K) where M = U'{':lMi disjointly, IM,-I =q, 1Zi<m, 1#q#n,
n=qm, K =[], S(M).

Proof. If H is an imprimitive maximal subgroup of S,, then there is a non-
trivial partition {M;}7-; of M consisting of the sets of primitivity of H. By
32,9= |M,~| = |M1| for every i and j, so n = gm and 1 # q # n. By maximality
H 2 N(K). It now suffices to show N(K) is maximal. This follows as in the proof
of Theorem 3.13.

3.19. COROLLARY. The imprimitive maximal subgroups of S, are completely
determined (up to isomorphism) by the proper divisors of n. If n is prime, S,
has no imprimitive maximal subgroups.
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